Rashba spin-orbit interaction and shot noise for spin-polarized and
  entangled electrons by Egues, J. Carlos et al.
ar
X
iv
:c
on
d-
m
at
/0
20
46
39
v2
  [
co
nd
-m
at.
me
s-h
all
]  
7 O
ct 
20
02
Rashba spin-orbit interaction and shot noise for spin-polarized and entangled electrons
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We study shot noise for spin-polarized currents and entangled electron pairs in a four-probe (beam
splitter) geometry with a local Rashba spin-orbit (s-o) interaction in the incoming leads. Within the
scattering formalism we find that shot noise exhibits Rashba-induced oscillations with continuous
bunching and antibunching. We show that entangled states and triplet states can be identified
via their Rashba phase in noise measurements. For two-channel leads we find an additional spin
rotation due to s-o induced interband coupling which enhances spin control. We show that the s-o
interaction determines the Fano factor which provides a direct way to measure the Rashba coupling
constant via noise.
PACS numbers: 71.70.Ej,72.70.+m,72.25.-b,73.23.-b,72.15.Gd
Spin-related effects in transport form the basis of the
emerging field of semiconductor spintronics [1]. More-
over, the electric control of intrinsic magnetic degrees
of freedom offers an important mechanism to manipu-
late and probe spin transport. For instance, the spin-
transistor proposal of Datta and Das [2] highlights the
relevance of a gate-controlled Rashba spin-orbit interac-
tion as a means of spin rotating electron states in one-
dimensional channels.
In this work, we investigate the transport properties
of spin-polarized [3, 4] and spin-entangled [5, 6] electrons
for a beam-splitter configuration [7, 8, 9] with a local
Rashba spin-orbit (s-o) interaction, which acts within a
finite region (length L) of the incoming leads, see Fig. 1
(left). Due to such a local s-o term the spinors of the
incoming electrons can be varied continuously, which af-
fects then the orbital symmetry of the wave function (via
the Pauli principle) and thus transport properties such as
current and noise. Within the scattering approach [10]
we calculate current noise for leads with one and with
two channels, see Fig. 1 (right). We find that shot noise
for spin-polarized and entangled electrons strongly oscil-
lates as a function of the Rashba coupling and the length
L. In particular, singlet (triplet) pairs exhibit intermedi-
ate degrees of (anti-)bunching behavior [6, 11]. We show
that entangled pairs as well as triplet states can be iden-
tified in noise experiments via their Rashba phase. We
find that the s-o interaction determines the Fano factor,
implying that the Rashba coupling can be measured via
noise. Finally, we find an additional spin phase due to
s-o induced interband coupling for leads with two chan-
nels. Since this modulation can be varied via the lateral
confinement of the lead, this effect provides a new mech-
anism for electrical spin control.
System. We consider an experimentally feasible beam-
splitter geometry [7, 8, 9] with two incoming and two
outgoing leads, Fig. 1. We assume that the local Rashba
coupling in this lead can be externally controlled via a
proper gating structure [12, 13]. The injected electrons
FIG. 1: Left: beam-splitter geometry with a local Rashba s-o
interaction in lead 1. Electron pairs (entangled or not) are
injected into leads 1 and 2. Electrons in lead 1 undergo a
phase shift (spin rotation). This Rashba phase continuously
changes the symmetry of the spin part of the pair wave func-
tion and induces sizable oscillations in the noise for both spin-
polarized and entangled electrons. Right: Rashba bands with
(thick solid and dashed lines) and without (thin solid lines)
s-o interband coupling. Interband coupling yields band anti
crossing and induces an additional spin rotation for electrons
impinging near the band crossing point kc.
(entangled or not) undergo a local spin evolution within
an extension L in lead 1. Note that we do not consider
a Rashba interaction in lead 2; we are interested only
in phase differences between leads 1 and 2. However,
it is straightforward to extend our analysis to include s-
o interaction in both incoming leads. We consider first
single-channel leads (one occupied band), and then move
on to the more involved case of two channels. For an
incoming plane wave with wave vector k along the x di-
rection the Rashba term is simply HR = −αkσy [14, 15],
where α denotes the s-o coupling constant.
Spin transfer operator. The rotation of the spin state
can be described by a unitary transfer operator. This uni-
tary operator can then be incorporated straightforwardly
into the usual scattering matrix (Landauer-Bu¨ttiker) for-
malism for coherent transport [10] in order to calcu-
late the current and the current correlators. We find
2that the transfer operator through the Rashba region is
UR = exp (−iθRσy/2), i.e., a rotation about the y axis by
an angle θR = 2αm
∗L/~2 = 2kRL, m
∗ denotes the elec-
tron effective mass. This Rashba rotation is well known
[2] and occurs only for incoming electrons having a spin
component perpendicular to y. In the basis of the eigen-
states of σz, we can write
UR =
(
cos θR/2 − sin θR/2
sin θR/2 cos θR/2
)
. (1)
For instance, an incoming plane wave in lead 1 with spin
up, |ψin〉 = |k ↑〉, emerges at the other side of the Rashba
region in the rotated state [16]
〈x = L|ψout〉 =
(
cos θR/2
sin θR/2
)
. (2)
In the above we assume a unity transmission probabil-
ity TR for electrons through the Rashba region. Indeed,
TR ≈ 1 since there is no additional band offset due to dif-
ferent materials in our incoming lead [17]. This implies
that the Rashba interaction does not directly introduce
noise in the lead – it simply rotates the incoming spin
state. However, indirectly it does affect the noise char-
acteristic of the entire system since it effectively changes
the beam-splitter scattering matrix, as we shall see next.
Scattering approach. After leaving the Rashba region
of length L within lead 1 an electron is left in a lin-
ear superposition of spin-up and spin-down states with a
phase θR, Eq. (2). Both components of this superposition
freely and independently move into the beam-splitter re-
gion where we assume they are partially transmitted to
lead 3 or 4 . We can now combine the scattering matri-
ces for the transmission of electrons through the Rashba
region UR and for the spin-independent scattering of elec-
trons from the incoming lead β to the outgoing lead α at
the beam splitter sαβ . The combined scattering matrices
s
R
31 = s31UR = rUR and s
R
41 = s41UR = tUR describe
both the Rashba evolution within lead 1 and the sub-
sequent transmission into leads 3 and 4. Here, r and t
denote the reflection and transmission amplitudes at the
beamsplitter, respectively. Electrons from lead 2 are sim-
ilarly transmitted into lead 3 or 4, but with no Rashba
rotation. Here we have s23 = s14 and s24 = s13. Hence
we define the total scattering matrix
s =


0 0 sR13 s
R
14
0 0 s23 s24
s
R
31 s32 0 0
s
R
41 s42 0 0

 , (3)
relevant for calculating transport properties.
Shot noise. Shot noise [18] is a non-equilibrium cur-
rent fluctuation arising from the discrete nature of the
charge flow (at zero temperature). At a time t, the cur-
rent fluctuation about its average in lead α is δIˆα(t) =
Iˆα(t)−〈Iˆα〉. As usual, shot noise is defined as the Fourier
transform of the symmetrized current-current autocorre-
lation function between leads γ and µ
Sγµ(ω) =
1
2
∫
〈δIˆγ(t)δIˆµ(t′) + δIˆµ(t′)δIˆγ(t)〉eiωtdt. (4)
The current in lead γ in the scattering approach [10] is
Iˆγ(t) =
e
h
∑
αβ
∫
dεdε′ei(ε−ε
′)t/~
a
†
α(ε)Aαβ(γ; ε, ε
′)aβ(ε
′),
Aαβ(γ; ε, ε
′) = δγαδγβ1− s†γα(ε)sγβ(ε′), (5)
where a†α = (a
†
α↑, a
†
α↓), and a
†
ασ(ε) [aασ(ε)] denotes the
creation (annihilation) fermionic operator for an elec-
tron with energy ε in lead α; σ is the spin component
along a proper quantization direction (i = x, y, z). The
spin-dependent s matrix is defined in Eq. (3). Below we
determine explicit formulas for spin-polarized and spin-
entangled electrons.
Spin-polarized electrons. For Fermi liquid leads we ob-
tain the well-known noise formula [10] – but with a spin-
dependent s matrix – after performing the ensemble av-
erage 〈· · · 〉 in Eq. (4). For spin-polarized electrons and
a small bias eV applied between the incoming (1,2) and
outgoing (3,4) leads we find to linear order in eV and at
zero temperature
Sp33 = 2eI T (1− T )fp, fp = p sin2
θR
2
, (6)
where T ≡ |t|2 is the beam-splitter transmission, p the
degree of spin polarization in leads 1 and 2, and I =
(2e2/h)V/(1 + p) the mean current in lead 3.
Spin-entangled electrons. For electron pairs, the aver-
age in Eq. (4) is a quantum mechanical expectation value
between two-electron states. We consider the following
injected states [19] in leads 1 and 2
|S〉
|Tei〉
}
=
1√
2
[
a†1↑(ε1)a
†
2↓(ε2)∓ a†1↓(ε1)a†2↑(ε2)
]
|0〉,
|Tui〉 = a†1σ(ε1)a†2σ(ε2)|0〉, σ =↑, ↓ , (7)
where |0〉 denotes the ground state (filled or not) Fermi
sea of the leads. The states |S〉 and |Tei〉 are the en-
tangled singlet and triplets, respectively, while |Tui〉 are
unentangled triplets. Here we have in mind an entangler
[5] attached to leads 1 and 2, Fig. 1. We assume that
these pairs have discrete energies above εF [6].
At zero temperature and applied voltage and ω = 0,
the Fermi sea is completely inert and the noise in the
system is solely due to the injected pairs above the Fermi
surface [6]. For the singlet and triplets in Eq. (7) and the
s matrix in Eq. (3), we find [20]
SX33 =
2e2
hν
T (1− T )fX , (8)
where the factor fX , X = S, Tei, Tui, i = x, y, z, de-
pends on the Rashba phase θR. The density of states ν
3in (8) arises because of the discrete levels. For the spin
singlet
fS = 1 + cos θRδε1ε2 , (9)
where ε1 are ε2 denote the discrete energies of the paired
electrons. For the triplet states in y and z directions
fTey = 1− cos θRδε1ε2 , (10)
fTuz = 1− cos2(θR/2)δε1ε2 , (11)
fTuy = fTez = 1− δε1ε2 . (12)
Two channels and s-o interband coupling. So far we
have considered a strictly 1D lead with a local Rashba
interaction. Now we consider the case in which lead 1
has two transverse Rashba channels |a〉 and |b〉 [21]. We
assume a weak s-o interband coupling which splits the
bands near the crossing point kc, Fig. 1 (right). To lowest
order this splitting is 2αd, d ≡ 〈a|d/dy|b〉.
After traversing the Rashba region, a spin up (down)
electron impinging at the band crossing is left in the state
einpi/2
(
e−iθR/2 cos (θd/2)± eiθR/2
−i (e−iθR/2 cos (θd/2)∓ eiθR/2)
) |a〉
2
+einpi/2
( −ie−iθR/2 sin (θd/2)
e−iθR/2 sin (θd/2)
) |b〉
2
, (13)
where θd = θRd/kc [20]. To obtain (13) we have ex-
panded an incoming spin-up n = 0 (down, n = 1) state
in channel a in terms of the s-o interband-coupled states
near the energy crossing at kc, see Fig. 1. We describe
these interband-coupled states perturbatively in analogy
to the standard nearly-free electron model. Incoming
electrons are now injected into linear combinations of un-
perturbed states (of channels a and b) near kc which sat-
isfy proper boundary conditions for the velocity operator
[15].
Equation (13) clearly shows that impinging electrons
with energies near the band crossing undergo further spin
rotation θd. This extra modulation arises because of
channel mixing due to Rashba interband coupling. For
θd = 0, Eq. (13) yields the state (2) with a single ro-
tation θR. An estimate of θd is readily obtained for in-
finite transverse confinement: assuming an energy (at
the crossing) εF = ε(kc) = 24ǫR = 24~
2k2R/2m
∗ ⇒
αd/ε(kc) ≃ 1/6 and d/kc ≃ 0.5; hence θd = θR/2
(θR = π for L = 69 nm and α = 3.45 × 10−11 eVm
[12, 13]; for this α the lateral width of the channel is
w = 60 nm). Therefore even a “weak” interband cou-
pling yields a sizable additional rotation θd. This spin
rotation for electrons injected at the band crossing pro-
duces an additional modulation of the transport prop-
erties. In particular, we find [20] for the spin-resolved
charge current in lead 1
I↑,↓ ∝ 1± cos(θd/2) cos θR, (14)
which clearly shows the additional modulation θd [22].
Generalized Fano factors. To determine shot noise in
the presence of s-o interband coupling we proceed as be-
fore with the following extensions. For electron pairs, for
instance, we consider the states in Eq. (7); here, however,
the electron pair component in lead 1 evolves according
to (13). After a somewhat lengthy calculation [20], we
find that the Fano factors for the noise are now functions
of both the Rashba angle θR and the interband mixing
angle θd,
fp =
p
2
(
1− cos θd
2
cos θR +
1
2
sin2
θd
2
)
, (15)
fS = 1 +
(
cos
θd
2
cos θR
)
δε1ε2 , (16)
fTez = 1−
1
2
(
cos2
θd
2
+ 1
)
δε1ε2 , (17)
fTuz = 1−
1
2
(
1 + cos
θd
2
cos θR − 1
2
sin2
θd
2
)
δε1ε2 . (18)
The above equations reduce to the 1D case [Eqs. (6) and
(9)–(12)] for θd = 0.
Discussion. Figure 2 displays the “normalized” Fano
factor f ≡ F/T (1 − T ), F = S/2eI, as a function of
the Rashba phase θR = 2kRL for the (a) spin-polarized
case [Eq. (6) with p = 1, here I = e2V/h], (b) injected
singlet and triplet pairs [Eqs. (9)–(12), here I = e/hν].
In Fig. 2 we plot f for two quantization directions: y and
z (x is equivalent to z), where “−y” defines the Rashba
rotation axis. In Fig. 2(a) only z-polarized electrons in
leads 1 and 2 generate noise as θR is varied; y-polarized
electrons are not affected by the Rashba rotation about
−y.
Because of the distinct symmetry of the orbital part of
the pair wave function, shot noise for singlet and triplet
states is not the same. As detailed in Ref. [6] singlet
pairs have a symmetric orbital wave function thus show-
ing “bunching” behavior; triplets, on the other hand,
show “antibunching” since their orbital wave function is
antisymmetric. The Rashba phase modifies the symme-
try of the spin part of the pair wavefunction; hence in-
termediate degrees of bunching or antibunching can be
induced.
Figure 2(b) shows that shot noise for entangled
singlet and triplet states display oscillatory bunch-
ing/antibunching behavior as a function of the Rashba
phase (singlet and triplets differ by π). Via these oscilla-
tions it is possible to distinguish the entangled triplet
states |Tey〉 or |Tez〉 from the respective unentangled
ones |Tuy〉 or |Tuz〉. For θR = 0 the difference in noise
vanishes, i.e., fTei = fTui [6].
Moreover, the oscillations in Fig. 2 suggest a direct way
to obtain the s-o coupling constant α via measuring shot
noise; for instance, from Eq. (6) (p = 1) we find
α =
~
2
m∗L
arcsin
√
fp. (19)
4FIG. 2: Fano factor f as a function of the Rashba phase
θR = 2kRL for (a) spin-polarized (p = 1) electrons and (b)
triplet/singlet pairs. Spin-polarized electrons exhibit nonzero
noise only for the z polarization; y-polarized beams (along the
Rashba rotation axis) yield f = 0. At θR = π, full shot noise
(f = 1) is recovered for the z-polarized beams. The entangled
singlet state |S〉 yields nonzero identical f ’s for all quantiza-
tion axes. The triplets |Tey〉 and |Tuz〉 are noisy while the
triplets |Tuy〉 and |Tez〉 are noiseless, f = 0. (b) Triplets and
singlet show intermediate degrees of bunching/antibunching.
(b)(a)
FIG. 3: Fano factor (a) fp for electrons spin-polarized along
σz and (b) fS for spin singlets |S〉, as a function of θR and θd.
The additional phase θd due to s-o interband coupling allows
for extra tuning of current and noise.
Figure 3 illustrates the effect of the additional spin-
rotation θd (interband coupling) on the normalized Fano
factor f ; only the spin-polarized and the singlet cases are
shown. This extra rotation can lead to a complete rever-
sal of bunching/antibunching behavior for electrons near
the band crossing [see Fig. 1 (right)]. Hence additional
spin control is attained by varying the s-o interband cou-
pling through the lateral width of the confining potential
(e.g., via side gates).
Conclusion. Rashba s-o (interband) coupling strongly
modulates current and shot noise for spin-polarized and
entangled electrons in a beam-splitter geometry. This
provides a means of probing spin properties in charge
transport and offers a direct way to measure s-o coupling
constants.
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